A classical approach based on hyperspherical coordinates is used to derive a first principle formulation of the the ion-neutral-neutral three-body recombination rate, A + + A + A → A + 2 + A, in terms of the mass of the atom and its polarizability. The robustness and predictive power of our approach have been checked in comparison with experimental data of rare gas three-body recombination as well as previous theoretical frameworks, which need one or two atom-dependent fitting parameters. Thus, our approach is general and applicable to any ion-atom-atom system.
I. INTRODUCTION
Three-body recombination or three-body association is a chemical reaction in which a molecule emerges as the product state after a three-body encounter, i.e., A + A + A → A 2 + A. This reaction is present in different disciplines of physics and chemistry, for instance, in astrophysics, hydrogen three-body reaction plays a major role on star formation due the cooling properties of H 2 owing its internal degrees of freedom [1, 2] , or in ultracold physics, being three-body recombination one of the main atom loss mechanism in Bose-Einstein condensates [3] [4] [5] [6] [7] [8] .
When one of the three colliding partners is an ion, three-body recombination leads to the formation of a molecular ion most of the times, i.e. A + + A + A → A + 2 + A, see Fig.1 for a cartoon representation of the three-body recombination. This reaction when A is a rare gas is of fundamental interest in radiation physics, concretely in gaseous radiation detectors [9, 10] , excimer lasers [11, 12] and spectrometers [13] . Similar reactions involving alkali atoms play an important role in cold chemistry [14] , where the product of the reaction is a weakly bound molecular ion that ulteriorly relaxes due to the collisions with the neutral atoms [15] .
Ion-neutral-neutral three-body recombination has been studied from several theoretical frameworks. One of the earliest treatments of this reactions employed the detailed balance condition in dissociation processes to obtain the corresponding association rate, leading to a the three-body recombination rate k 3 ∝ T −1 [16, 17] , explaining qualitatively some of the experimental data at that time. Later on, this reaction was approached from an 'indirect' approach: in which a three-body process is viewed as a two step mechanism [18] [19] [20] . The first step is a two-body event leading to the formation of a resonant complex, which eventually will be stabilized in the second step through a collision with a third body. Different temperature dependence of the rate may be obtained by means of this approach since it strongly depends on the way the resonant complex is described and the stabilization probability. In particular, when a capture model is employed for the resonant complex formation, k 3 ∝ T −3/4 , which turns out to be more accurate in comparison with the available experimental data. On the contrary, if the population of the resonant complex is described by assuming thermal equilibrium, one finds a more intricate relationship between k 3 and T , although more accurate from the qualitative and quantitative perspective in comparison with the experimental data. In the same vein, some quantal calculations following the same logic have revealed a great accuracy in describing He + -He-He recombination [21] . Most of these theories for ion-neutral-neutral threebody recombination depend on some 'free' parameters that need to be fitted for each atomic specie in order to reach a proper description of the underlying physics. Thus, a more general treatment of this fundamental chemical process is needed. Recently, we have developed a 'direct' three-body approach based on a Newtonian approach of the dynamics by means of hyperspherical coordinates [22] , leading to k 3 ∝ T −3/4 , which has been experimentally corroborated at cold temperatures T < ∼ 1K [14] , as well as numerically. This fuels us to go one step beyond and generalize our approach to derive an analytical an general expression for the ion-neutralneutral three-body recombination rate, depending only arXiv:1810.02108v1 [physics.atom-ph] 4 Oct 2018 on intrinsic properties of the colliding atoms.
In this paper, we present a "direct" three-body approach based on a previously derived hybrid hyperspherical-classical trajectory calculations method, which naturally leads to a realistic description of the experimental data for ion-neutral-neutral three-body recombination of rare gases. The derived three-body recombination rate only depends on intrinsic properties of the rare gas atoms: mass and polarizability, thus being a general and parameter free approach to ion-neutralneutral three-body recombination.
II. MODEL
Here we adopt the previously developed classical description of three-body collision processes using hyperspherical coordinates [24, 25] , within this theoretical framework, the three-body recombination cross section is given by [24] 
where b max (E k ) represents the maximum impact parameter for the three-body recombination reaction, which depends on the kinetic energy E k . In this equation it is assumed that every trajectory whose impact factor is equal or smaller than b max (E k ) will lead to a three-body recombination event, analogous to a Langevin-type hypothesis. Therefore, Eq. (1) represents the maximum cross section for a given kinetic energy. For ion-atom-atom three-body recombination processes the ion-atom interaction mainly dictates the fate of three-body events [14, 22] , since the ion-atom interaction is longer-ranged than the usual van der Waals forces between atoms. In the framework of the Langevin capture model for ion-atom collisions, an inelastic collision or chemical reaction will happen when the kinetic energy, E k , is larger than the height of the potential barrier, which determines the so-called Langevin impact parameter,
, where α stands for the atom polarizability. This represents the maximum impact parameter for a given inelastic ion-atom collision, whereby Eq.(1) reads as
and performing the integration one gets
The energy-dependent three-body recombination rate is defined as
and performing its average through the MaxwellBoltzmann distribution one finds
As expected, we find that the three-body recombination rate depends on the temperature as T −3/4 [22, 25] . It is worth noticing that the same dependence on the temperature was obtained by Smirnov and [19] back in the 60's but assuming that the three-body recombination can be described as two different two-body collisions. The first leads to the formation of a resonant complex and the second may stabilize this complex to the formation of the molecular ion.
III. RESULTS AND DISCUSSION
The theoretical approach presented in the previous section has been applied to ion-neutral-neutral three-body recombination of rare gas atoms, and its predictions compared with experimental data in Fig.1 , where panel (a) presents results for data at 78K whereas panel (b) shows data for 300 K. The present theory agrees fairly well with the room temperature data, but it does extremely well at low temperatures. Moreover, our approach describes qualitatively the dependence of the rate on the properties of the atom at hand, independently of the temperature.
In Fig. 2 , two more theoretical results based on the "indirect" approach are shown as well. One of them is due to Smirnov [19] which employs a capture model for the first two-body encounter wighted by the ratio between stabilization to dissociation collisions of the intermediate complex. This approach leads to a k 3 (T ) ∝ T −3/4 , as in our derivation, but in this case there is a free parameter that needs to be fitted based on the atomic specie at hand. In particular, we have chosen the same value of this parameter as in Smirnov's original work [19] which was specially calculated for He + -He -He at room temperature, and it shown as the black solid line in Fig.2 . Smirnov's approach gives an excellent agreement in comparison with the experimental data for He, as panel (b) of Fig.2 shows, however its predictive level for the rest of the rare gases is just qualitative, independently of the temperature.
The approach of Dickinson et al. [20] (referred to as Dickinson's approach for brevity) is more involved than Smirnov's version since the authors consider explicitly the stabilization probability as a function of the internal Ion-neutral-neutral three body recombination rate for different rare gas atoms and different temperatures. In panel (a) the temperature is 78 K. In panel (b) the temperature for all the rare gas is 300 K except the second Ar + -Ar-Ar data point, which is for 320K. The experimental data points of panel (a) have been obtained from Ref. [23] , for panel (b) the data points are taken from Ref. [23] for He, Ne and Ar, whereas Kr and Xe data are taken from Ref. [10] . In panel (b) there are two data points for Ar, the first one (from left to right) corresponds to 300 K [10] and the second to 320 K [23] .
state of the intermediate complex. Within this approach the three-body recombination rate is given by
where γ is the Euler's constant, ρ is the averaged distance of closest approach of the third body and J M stands for the maximum angular momentum state in which on average there is quasi-bound state for a 1/r 4 long-range interaction [20] . Thus, ρ and J M are parameters that depends on the system at hand as well as its temperature. However, the value of ρ is taken arbitrarily to be 6 a 0 independently of the gas at hand and J and ∝ T −1 that ultimately will lead to extremely large rates at low temperatures, as it is noticed in Fig. 2 . Moreover, recent cold chemistry experiments seem to rule out such a temperature dependence [14] . To study this further, Fig. 3 shows the ion-neutral-neutral threebody recombination rate as a function of the temperature for He, Ne and Ar. Dickinson's approach is represented by the dotted line, the dashed line stands for Smirnov's model and the solid line is our present approach. From Fig. 3 one observes that the present approach describes properly the temperature dependence of the rate although the quantitative agreement is only reached for Ar. Dickinson's approach shows an overall excellent agreement with the experimental data, however for the 78 K data it exhibits an incipient deviation to larger rates which is pathological to the approach. Finally, Smirnov's approach describes extremely well the He data for T > ∼ 250 K, but for the rest of the cases it fails.
When plotting the different experimental data for Ar + + Ar + Ar → Ar + 2 + Ar we have noticed that the rate for 300 K [10] lies below the rate at 320 K [23] which is hard to explain, since the three-body recombination decreases as the collision energy increases. Another possibility, could be the presence of resonances, however at room temperature collision many partial waves contribute to the scattering and hence any resonance effect .The experimental data have been obtained from Ref. [23] with the exception of the Ar data point at 300 K which is taken from Ref. [10] .
will normally be washed out. Therefore, it seems that some extra work needs to be invested in the Ar threebody recombination problem at T > ∼ 300 K to solve this apparent inconsistency.
IV. CONCLUSIONS
A recent direct classical-based approach for three-body recombination has been applied to ion-neutral-neutral recombination of rare gas atoms, and as a result an analytic and universal expression for the three-body rate has been obtained. Our results have been checked against the available experimental data, as well as different available theoretical approaches, confirming the accuracy of our approach and showing that our model captures the most relevant physics behind three-body recombination.
Some other models for ion-neutral-neutral three-body recombination have been developed, although they assume that two distinct two-body processes act the same as a three-body event, but those need the inclusion of one or two different fitting parameters that depends on the atom at hand. These theories can describe the general behavior of the three-body recombination rate, however they fail to describe the three-body physics at low temperatures. Therefore, our approach seems to be more general and robust than previous ones.
Finally, our analysis has allowed us to perceive some troubling discrepancies in the experimental data of Ar + + Ar + Ar → Ar + 2 + Ar measured by two different groups. We hope this will help to motivate experiments on this reaction to clarify what is the proper behavior of the three-body recombination rate for ion-neutralneutral collisions.
